We consider a discrete-time economic model which is a particular case of the Kaldor-type business cycle model and it is described by a two-dimensional dynamical system. Under certain conditions the map can be reduced to a skew map whose components, the base and the fiber map, both have entropy. Our proposal is to study and measure the complexity of the system using symbolic dynamics techniques and the topological entropy.
Introduction
The manifestation of nonlinear effects can be easily detected in almost all real world systems. In the particular case of economics, many of its important fluctuations arise out of nonlinear dynamic phenomena. The most interesting theories of business cycles in the Keynesian vein are the ones that utilizes non-linear functions. In this work we present a variation of the model considered by Bischi et al. 2 and Dieci et al. 3 . It departs from a discrete time-version of the Kaldor model described by a two-dimensional system. We intend to introduce nonlinearity in a variable of the model in order to study the effect it produces.
Firstly, consider the Kaldor-type business cycle model
which depends on four variables, Y, K, I and S, representing, respectively, income, capital stock, investment and savings. We have also two parameters, α and δ, verifying the inequalities, α > 0 and 0 < δ < 1. The parameter α represents the speed of reaction to the excess demand and δ is the capital stock depreciation rate. The function describing investment is assumed to take the form of an increasing arc tangent type function of income, like suggested in Bischi et al. 2 and Dieci et al. 3 . In order to introduce nonlinearity to the capital stock variable we shall propose it as a decreasing trigonometric function of the sin type (see Fig.1 ) instead of being just a linear decreasing function. Therefore, let
where the parameters σ and δ are such that 0 < σ, δ < 1 and the parameters β, γ 1 , µ, σ are positive (β, γ 1 , µ, σ > 0). Concerning the savings function, we also modify the assumption of proportionality to the income assuming, as in many versions of the Kaldor business cycle models, that savings are nonlinear. We consider that it depends also on the capital stock in a decreasing way:
with γ 2 a positive parameter. Replacing expressions (2) and (3) in (1) and considering the particularly interesting case when γ 1 = γ 2 = γ we get the following two dimensional system in income and capital stock variables:
This paper is organized as follows: in Section 2 we present the model and the main results concerning triangular maps and the topological entropy. In Section 3 we explore its complex dynamic behavior. We also illustrate the computation of the topological invariant in an example and finally in Section 4 we make some final considerations.
The model and some considerations about triangular maps
Let us change the notation in the model (4) to: y := Y and k := K.
We consider a family of two-dimensional continuously differentiable maps
where σ, δ, β, γ, µ, σ are real parameters such that α > 0, 0
This dynamical system is generated by a skew map (triangular map) since it has the form F (y, k) = (f (y) , g (y, k)), that is, the first component doesn't depend on the second variable. So, from the economic point of view, the dynamics of income is only affected by income itself. The map f is called the basis map and g is called the fiber map. Due to this triangular structure it is possible to apply mathematical methods to compute relevant quantities that characterize the system as chaotic or non chaotic. In Fig.2 we present the graphical representation of the map F for some values of the parameters.
Let P = {x 0 , x 1 , ..., x p−1 } be a periodic orbit of period p of the map
If Q = {y 0 , y 1 , ..., y q−1 } is a periodic orbit of period q of the map g p such that g p (y i ) = y i+1 for i = 0, ..., q − 2 and g p (y p−1 ) = y 0 , we can define the product P.Q as the set containing the p.q pairs:
The orbits of the one-dimensional maps f and g p determine the orbits of the triangular map T , as we show in the following Lemma: (1) If f has a periodic orbit P and g p has a periodic orbit Q, then P.Q is a periodic orbit of T. (2) Conversely, each periodic orbit of T can be obtained as a product of a periodic orbit P of f by a periodic orbit of g p .
Proof. See Alsedà-Llibre 1 .
The topological entropy is a measure of complexity of a dynamical system. Let T be a triangular map like defined in the earlier Lemma. The Bowen's formula for the inferior and superior values of the topological en-tropy of T , h top (T ), is valid, that is,
where h top (f ) and h top (g p ) represent, respectively, the topological entropy of the basis map, f, and the topological entropy of the fiber map associated to the orbit P , g p .
Chaotic behavior in the map F
It is possible to prove the existence of chaotic behavior in the map F if there are parameter values that correspond to a positive value of the topological entropy.
Let us consider first the basis map f. It is an one-dimensional map and it can be easily proved that f is a bimodal map when ασ − 1 > 0. In this case there are two turning points, whose expressions are:
The first one corresponds to the relative minimum and the second corresponds to the relative maximum. Fixing the parameters µ = 100 and σ = 0.3, f depends only on α which is the most interesting parameter from the economics point of view. In Fig.3 we present the long term behavior of the map f when α changes between 7 and 14. For α = 11.1726, f has an orbit, P = {y 0 , y 1 , y 2 , y 3 }, of period 4, such that f (f (c 1 )) = c 2 , described in Fig.4 . The corresponding kneading data Consider also the function g p0 (k), depending on the variable k and defined, according to (6) , by
If we fix β = 9.5 and δ = 0.52, the bifurcation diagram of g p0 as a function of γ, the free parameter, is presented in Fig.5 . The study of this function can give us significant information about the long term behavior of the original map F . Let's consider, for example, the case γ = 0.8518. The function g p0 (k), whose graphical representation is showed in Fig.6 is continuous, limited and has many critical points but its dynamics reduces to the values where there is an intersection with the diagonal line. If we iterate all the critical points of g p0 (k) it is all reduced to an orbit of period 4 or to a fix point (see Fig.7 ). It is very interesting to notice what happens if we change the order of appearance of the points y 0 , y 1 , y 2 , y 3 , of the orbit P , in the construction of the function g p (k). We have three more possibilities. We can also define g p1 (k) , g p2 (k) and g p3 (k) in the following way:
and g p3 (k) = g (y 2 , g (y 1 , g (y 0 , g (y 3 , k)))) .
We obtain functions, all very different from each other, but the dynamic behavior of all these maps asymptotically goes to a period 4 orbit or to a fix point. In Fig.10 are shown the stable orbits for the considered parameter values. The periods of the orbits are in agreement with the considerations made in Section 2: the period of the orbit of F is equal to 16 or to 4 depending on the initial conditions. In each fiber we can see the orbit of period 4, in black, and the fix point, in grey. The first fiber corresponds to the stable orbits of the function g p0 (k) and the others respectively to the The map F certainly has a value of the topological entropy that is positive, and therefore, the system is chaotic for these parameter values.
Final conclusions
In this paper we presented a Kaldor-type business cycle model described by a two-dimensional map. The model is a modification of the one proposed in Bischi et al. 2 and Dieci et al. 3 and can be reduced to a map of triangular type with income and capital stock as variables. Due to its triangular structure it is possible to compute the topological entropy, for certain values of the parameters, as a measure of complexity of the system. The introduction of nonlinearity in the capital stock variable, into the investment and savings functions allows us to have chaotic basis map and chaotic fiber map, since we found a positive value for the topological entropy in both cases.
